This paper examines the contribution of Leonardo of Pisa [Fibonacci] to the history of financial mathematics. Evidence in Leonardo's Liber Abaci (1202) suggests that he was the first to develop present value analysis for comparing the economic value of alternative contractual cash flows. He also developed a general method for expressing investment returns, and solved a wide range of complex interest rate problems. The paper argues that his advances in the mathematics of finance were stimulated by the commercial revolution in the Mediterranean during his lifetime, and in turn, his discoveries significantly influenced the evolution of capitalist enterprise and public finance in Europe in the centuries that followed. Fibonacci's discount rates were more culturally influential than his famous series.
Fibonacci and the Financial Revolution
This paper examines the contribution of Leonardo of Pisa [Fibonacci] to the history of financial mathematics. Evidence in Leonardo's Liber Abaci (1202) suggests that he was the first to develop present value analysis for comparing the economic value of alternative contractual cash flows. He also developed a general method for expressing investment returns, and solved a wide range of complex interest rate problems. The paper argues that his advances in the mathematics of finance were stimulated by the commercial revolution in the Mediterranean during his lifetime, and in turn, his discoveries significantly influenced the evolution of capitalist enterprise and public finance in Europe in the centuries that followed. Fibonacci's discount rates were more culturally influential than his famous series.
I. Introduction
Present value analysis is a method for comparing the relative economic value of differing payment streams, taking into account the time-value of money. Mathematically reducing all cash flow streams to a single point in time allows the investor to decide which is unambiguously the best. According to a recent survey of corporate financial officers by Graham and Harvey (2001) , the present value criterion is now used by virtually all large companies in the capital budgeting decision. Fibonacci's mathematical tools --including his use of interest rates --were a direct extension of Indian and Arabic mathematics, he appears to have invented a new mathematical approach to financial decision-making. This innovation, in turn, allowed
European mathematicians to value increasingly complex financial instruments in the centuries that followed. As such, his intellectual contributions shed some light on the role of mathematics in the broader trajectory of economic development in the Middle
Ages and indeed on the distinctive divergence of European society in the world economy.
Fibonacci wrote Liber Abaci in the year 1202 in the city of Pisa. It is best known for the Fibonacci series -a sequence of numbers describing geometric population growth. What is less well-known about Fibonacci's book is that the famous series is only a single example in a book almost entirely devoted to the mathematics of trade, valuation and commercial arbitrage. Liber Abaci develops a wide range of practical mathematical tools for calculating present value, compounding interest, evaluating geometric series,' dividing profits from business ventures, and pricing goods and monies involving a complex variety weights, measures and currencies. The table of contents gives a sense of the structure and topics covered in the book. Liber Abaci begins with an exposition of the fundamentals of arithmetic, followed by chapters on valuation, relative value, companies and metallurgy. Chapter 12 contains a wide variety of problems, including interest rate and present value examples.
Chapter 13 presents a method of solution through linear interpolation, and Chapters 14 and 15 present more abstract mathematical results. Proceeding as it does from the simple to the complex, the book is organized as a manual for instruction, and it is likely that Leonardo used it himself for teaching commercial arithmetic.
However, it is not only the content and use of the book that makes it important, but the historical and economic context. Liber Abaci was written at a time of nearly unprecedented commercial interaction between East and West. Italian merchants traded actively with the Arab world -bringing exotic goods to an increasingly prosperous Europe. This period of economic vitality stimulated the development of practical mathematics -in effect, creating a market for mathematical knowledge. This knowledge, in turn became a major factor in the economic trajectory of Europe over the next several centuries. The 500 year period following Leonardo saw the development in Europe of virtually all the tools of financial capitalism that we know today: share ownership of limited-liability corporations, long-term government and corporate loans, liquid and active international financial markets, life insurance, life-annuities, mutual funds, derivative securities and deposit banking. Many of these developments have their roots in the contracts first mathematically analyzed by Fibonacci. What began with his application of mathematics to current commercial problems may have led to important later economic innovations and the development of Western capitalism as we know it today.
East and West
Leonardo's contribution is also interesting in a global context. Historians have long puzzled over the extraordinary economic divergence between Western Europe and China over the period from 1200 to 1700 AD. Leonardo received a pension from the Republic of Pisa in 1241 for " educating its citizens and for his painstaking, dedicated service." Professor Heinz Lhneburg has posted a Latin transcript of the document -it suggests that the city was equally grateful for his teaching (doctrinum) and his accounting and valuation (abbacandis estimationibus et rationibus). 16 We can thus surmise from this that much of his life was devoted to teaching mathematics and advising the Pisan government on issues of finance and accounting. [A man] leaves two sons and ten dirhems of capital and a demand of ten dirhems against one of the sons, and bequeaths one-fifth of his property and one dirhem to a stranger.." 19 Thus, Al Khwārizmī's focus is not fundamentally commercial, but directed towards legal issues related to legacies and dowries -a class of problems that might in fact have inspired him to write his book. As we will see in further discussion of Liber Abaci below, Leonardo takes the solution methods from Al Khwārizmī's Algebra and adapts them to problems of dividing the capital from commercial ventures among partners, rather than among family members. Thus, the works share methodological approaches but differ in applications and scope.
An equally important precedent for Liber Abaci's more commercial orientation is the practical tradition of Hindu mathematics. For at least seven centuries before Fibonacci, Indian mathematicians were calculating interest rates and investment growth. of Savasorda was one of the unnamed mathematics masters whom Fibonacci visited on his travels.
Thus, although we will never know all of Fibonacci's sources for mathematical methods and problems, his acknowledged Arabic precedents, and the likely multiple Indian precedents, provide at least a conceptual foundation for his work. Never-the-less, the differences are as interesting as the similarities. No previous work of algebra or applied mathematics comes close to the comprehensive analysis of business and financial transactions of Liber Abaci, and none provides a comparable text for the actual teaching of applied mathematics. While it is structured a bit like previous algorisms -with the number system first, followed by the introduction of basic operations and then fractions, a large part of the book is devoted to progressively more complex word problems. In chapter after chapter, Fibonacci first introduces a very simple problem and its solution, and then provides increasingly sophisticated examples that use the same method of solution and require applications of tools mastered in previous chapters. Let us now turn to some of Liber Abaci's key contributions.
Fractions and The Rule of Three
After an initial discussion of arithmetic operations in the first four chapters, A Pisan cane is 10 palms or four arms however a Genoese cane is said to be 9 palms. And furthermore the canes of Provence and Sicily and Syria and Constantinople are the same measure.
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Or for traders of raw cotton here is a useful problem:
One has near Sicily a certain ship laden with 11 hundreweights and 47 rolls of cotton, and one wishes to convert them to packs; because 1/3 1 hundredweights of cotton … is one pack, then four hundredweight of cotton are 3 packs and for rolls of cotton are 3 rolls of a pack; you write down in the problem the 11 hundredweights and 47 rolls , that is 1147 rolls below the 4 rolls of cotton and you will multiply the 1147 by three and you divide by the 4; the quotient will be ¼ 860 rolls of a pack.
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Following this basic technology, Fibonacci then extends the problems to those of exchange between two goods -for example:
It is proposed that 7 rolls of pepper are worth 4 bezants and 9 pounds of saffron are worth 11 bezants, and it is sought how much saffron will be had for 23 rolls of pepper. As such, the algorithmic solution to an exchange problem was separated from the written expression of the problem -Arabic numerals allowed the solution to be calculated on Indeed, money of his day was not quite money in the way we currently think of it.
Transactions might be expressed in a certain currency, or unit of account, but the quantity of physical coinage corresponding to that unit could vary through time, as governments regularly debased and re-valued their currencies. One of the attractive things about a pure gold coin, like the Florentine florin first minted in 1252, is that it could serve simultaneously as a unit of account and of transaction, with a 1:1 numeric correspondence. Most silver coinage of the time had at least some level of debasement with copper that caused its value relative to bullion to fluctuate through time. It is thus not surprising that Leonardo's monetary analysis goes beyond currency conversions into problems of minting and alloying of money. An entire chapter is devoted to the methods for minting coins of silver and copper.
Certain cities -including Pisa --had imperial rights to coin money, and mints in these cities operated by striking coins from bullion brought to them from the public and the private sector. A merchant who wished to turn a quantity of metal (perhaps even old coins) into currency would pay a seigniorage fee to the mint for the production of coin.
During much of Leonardo's lifetime, the Pisan penny was pegged to the value of the Lucchese penny and together they became the standard monetary unit in Tuscany, with little evidence of debasement or changes in the metallic composition. In contrast, also during Leonardo's lifetime, the currency of Northern Italy underwent a revolution --cites began to mint large silver coins called grossi. In the late 1220's (around the time of the second edition of Liber Abaci) Lucca introduced a coin with a high silver content worth 12 denari. 33 This followed the introduction of grossi by Genoa in 1172 and by Venice in 1192. Leonardo does not specifically address the relative value of grossi and denari on his chapter on minting of coin, instead abstracting away from particular currencies to the general methods of calculation and evaluation of relative proportions of silver and copper in coins. Presumably the methodology developed in Liber Abaci was useful not only to the master of the Pisa mint, but perhaps to merchants who brought metal to be coined, and paid the seignorage.
III. Finance and Interest Rate Problems
Most of the pure finance problems in Liber Abaci are in the twelfth chapter -as is the famous "Fibonacci series" example. The finance in this chapter is of four general types. The first type concerns how the profits from joint business ventures should be 33 Velde, François R, 2000, "Notes on Tuscan Coinage, 12 th C. 14 th Ce." Federal Reserve Bank of Chicago.
fairly split when contributions are unequal and are made at different points in time, and in different currencies or goods and in cases in which business partners borrow from each other. The second type concerns the calculation of the profits from a sequence of business trips in which profit and expense or withdrawal of capital occurs at each stop. The third is the calculation of future values from investments made with banking houses. The fourth is present value analysis as we now think of it, including specifically the difference between annual and quarterly compound interest.
Division of Profits
The mathematics of dividing profits from business joint ventures was obviously The unilateral commeda in Pisa was very much like the contract described by Leonardo in a problem of division of profits, writing 44 years after the statues. The problem "On Companies," is worth quoting at length:
Whenever … any profit of an association is divided among its members we must show how the same must be done according to the abovewritten method of negotiation …We then propose this of a certain company which has in its association 152 pounds, for which the profit is 56 pounds, and is sought how much of the same profit each of its members must be paid in pounds. First, indeed, according to Pisan custom, we must put aside one fourth of the abovewritten profit [apparently for the tractator] ; after this is dealt with, there remain 42 pounds. Truly if you wish to find this according to the popular method, you will find the rule of 152, that is Fibonacci's problem provides a fascinating example of how commenda were used.
Although the tractator profits were divided according to Pisan custom, the commendator shares could be divided among several investors, whose association is termed a societas.
Fibonacci thus develops a general approach to dividing the profits from a societas 35 Sigler (2002) Op.cit. p.10. 36 Sigler (2002) p. 172. according to the proportion of contributed capital. His approach is the now familiar definition of a rate of return on a unit of capital which is then scaled by the amount invested. Robert Lopez argues that societas and the commenda contracts were the original European forms of business association from which modern partnership and corporations ultimately developed. Consequently, the commenda example, and related problems addressed by Fibonacci in Liber Abaci, were significant early contributions to "pre-corporate" financial economics.
Traveling Merchant Problems
The second type of financial problem is a set of "traveling merchant" examples, akin to accounting calculations for profits obtained in a series of trips to trading cities.
The first example is:
A certain man proceeded to Lucca on business to make a profit doubled his money, and he spent there 12 denari. He then left and went through Florence; he there doubled his money, and spent 12 denari. Then he returned to Pisa, doubled his money and it is proposed that he had nothing left. It is sought how much he had at the beginning. This and other problems demonstrate the versatility of his discounting method. They also provide a framework for the explicit introduction of the dimension of time, and the foundation for what we now consider finance.
Interest Rate and Banking Problems
Immediately following the trip problems, Fibonacci poses and solves a series of banking problems. Each of these follows the pattern established by the trips examplethe capital increases by some percentage at each stage, and some amount is deducted.
For example:
A man placed 100 pounds at a certain [banking] house for 4 denari per pound per month interest and he took back each year a payment of 30 pounds. One must compute in each year the 30 pounds reduction of capital and the profit on the said 30 pounds. It is sought how many years, months, days and hours he will hold money in the house....
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Fibonacci explains that the solution is found by using the same techniques developed in the trips section. Intervals of time replace the sequence of towns visited and thus a time-series of returns and cash draw-downs can be evaluated. Once the method of trips has been mastered, then it is straightforward to construct a multiperiod discount factor and apply it to the periodic payment of 30 pounds -although in this problem the trick is to determine the number of time periods used to construct the factor. Now we might use logarithms to address the problem of the nth root for an unknown n, but Fibonacci lived long before the invention of logarithms. Instead, he solves it by brute force over the space of three pages, working forward from one period to two periods etc. until he finds the answer of 6 years, 8 days and 9 3 2 1 5 hours. The level of sophistication represented by this problem alone is unmatched in the history of financial analysis. Although the mathematics of interest rates had a 3,000 year history before Fibonacci, his remarkable exposition and development of multi-period discounting is a quantum leap above his predecessors.
Eleven banking house problems follow this initial mathematical tour de force.
Each of them has some value of the problem that is unknown -either the future value, the present value, the rate of interest, the duration of the loan, or the periodic dividend that is withdrawn. Fibonacci provides model solutions to each unknown, basing all of them on the previously introduced "trips" paradigm.
It is a bit surprising to find such an overt description of the charging of interest by bankers in the 13 th Century, given the ecclesiastical proscription against usury. John
Munro has argued convincingly that, while Church doctrine had long forbidden usury, vigorous institutional attacks on the charging of interest began in earnest in the early 13 th century and were a major impetus for the development of census and rentes and perpetual bond contracts -all of which circumvented the ecclesiastical definition of loans.
40
Liber Abaci was written just before the formation of the Franciscan and Dominican orders (1206 and 1216 respectively) who were at the vanguard of the fight against usury. The Church's attack on the charging of interest was in fact an attack on just the operations described and analyzed in Leonardo's book.
41

Present Value Analysis
The most sophisticated of Fibonacci's interest rate problems is "On a Soldier
Receiving Three Hundred Bezants for his Fief." In it, a soldier is granted an annuity by the king of 300 bezants per year, paid in quarterly installments of 75 bezants. The king alters the payment schedule to an annual year-end payment of 300. The soldier is able to earn 2 bezants on one hundred per month (over each quarter) on his investment. How much is his effective compensation after the terms of the annuity have changed? To solve this, Fibonacci explains First indeed you strive to reduce this problem to the method of trips and it is reduced thus… because there are 4 payments, 4 trips are similarly carried, and because each payment is 75 bezants, this is had for the expense of each 40 Munro, John H., 2003, 'The Medieval Origins of the Financial Revolution: Usury, Rentes, and Negotiability', The International History Review, 25(3) September, pp. 505-62. 41 There is some evidence in Liber Abaci that Fibonacci's financial analysis may have roots in the ancient Near East. Consider this problem: "A certain man gave one denaro at interest so that in five years he must receive double the denari, and in another five he must have double two of the denari and thus forever from 5 to 5 years the capital and interest are doubled. It is sought how many denari from this one denaro he must have in 100 years." Compare this to the problem from the Old Babylonian tablet 8528 in the Berlin museum published by Otto Neugebauer (1935) . It asks: "If I lent one mina of silver at the rate of 12 shekels (a shekel is equal to 1/60 of a mina) per year, and I received in repayment, one talent (60 minas) and 4 minas. How long did the money accumulate?" [Sigler, 2002, Op.cit. p. 437 ] The solution is found by capitalizing interest only when the outstanding principal doubles. At 20%, the principal doubles every five years. Thus, the answer is that it would take 30 years for the debt to grow to 64 minae. The doubling over five year intervals seems a striking parallel, particularly given the fact that an annual compound rate that yields that result is not a round number -it is something less than 15%. The product of these ratios is used to discount a payment by four periods (or trips).
Notice that Fibonacci's novel fraction expression allows each term to be successively discounted by one more period. The discounted annual value of the 300 bezants paid in the last period is 259 and change. As before, Fibonacci explains how to construct a multi-period discount factor from the product of the reciprocals of the periodic growth rate of an investment, using the model developed from mercantile trips in which a percentage profit is realized at each city. In this problem, he explicitly quantifies the difference in the value of two contracts due to the timing of the cash flows alone. As such, this particular example marks the discovery of one of the most important tools in the mathematics of Finance -an analysis explicitly ranking different cash flow streams based upon their present value.
Institutional and Commercial Context
The soldier's present value problem above testifies to the fact that the mathematics of time-value discounting was apparently important 1202 when Liber Abaci was written. However, over the next few centuries its significance to governmental and commercial transactions grew tremendously. With the growth of international trade --and warfare -in the late Middle Ages, the need for long-distance monetary transfers increased. Chinese merchants had solved this problem centuries earlier with the use of feichan "flying money" remittance certificates issued by government institutions in provincial capitals. Arab merchants in Fibonacci's time used an instrument much like a modern personal check for paper remittance. Neither of these explicitly involved a discount for the time-value of money. Early European money transfers --bills of exchange --did. Any distant remittance involved a time interval due to travel, and compensation for the use of the money over that period is natural, so bills of exchange were typically discounted to compensate for forgone interest revenue -essentially as in the example of "The Soldier Receiving Three Hundred Bezants for his Fief." Thus, bills of exchange were also interest rate instruments. Ashtor (1983) published the earliest known bill of exchange which appears to date from 1220. 43 Sivéry (1983) century. The consolidation of the Venetian debt by decree in 1262 institutionalized the funding of municipal debt, and gave birth to the now widespread modern practice of financing the government through a national debt.
The roots of this debt revolution can be found in the financial records of Pisa itself. Pisa in Leonardo's time regularly made long-term debt commitments to creditors, promising the perpetual flow of revenues from specific sources to amortize a debt. Favier (1971) reports just such a contract with a creditor of the commune in 1173.
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Historian David Herlihy points out that the public finances of the commune became increasingly complex through the course of the 13 th Century. Pisan governors -podesta --began to raise money through capitalization of taxation and monopoly rights.
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The economic decision to alienate a stream of future cash flows in return for a current lumpsum payment is essentially a present value consideration. There is no doubt that the mathematical techniques in Liber Abaci would have allowed the podesta to quantify these decisions in a manner not feasible before Fibonacci's work. In fact, the annuity settled on Fibonacci late in his life for service to the state suggests that he may have had a hand in advising on precisely these financial contracts.
45 Pezzolo, Luciano, 2003 , "Bonds and Government Debt in Italian City States: 1250 -1650 
Did Finance Influence the Mathematics of Infinite Series' or Vice-Versa?
The famous Fibonacci series problem is posed late in Chapter 12 -not as part of a series of related problems, but included after a problem on finding numbers equal to the sum of their factors, and before an algebra problem about four men with money. Is there any connection between the famous series and the commercial problems in the chapter? Certainly Chapter 12 is full of examples of compound growth from period to 48 Herlihy, David, 1967, Medieval and Renassiance Pistoia, Yale University Press, New Haven, p. 138-9. period -in particular, proportional increases in capital. However, unlike the the author of the Treviso, Trenchant also devotes a major section of his book to interest rate and present value problems. Trenchant poses one problem in particular that clearly builds on Fibonacci's work, but is an actual "case" rather than simply an illustrative example.
In the year 1555, King Henry, to conduct the war, took money from bankers at the rate of 4% per fair. That is better terms for them than 16% per year. In this same year before the fair of Toussaints, he received by the hands of certain bankers the sum of 3,945,941 ecus and more, which they called "Le Grand Party" on the condition that he will pay interest at 5% per fair for 41 fairs after which he will be finished. Which of these conditions is better for the bankers?
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The question is posed whether Henry's perpetuity at 4% per quarter is worth more or less than his 5% per quarter annuity for 41 quarters. Here, three and a half centuries after Trenchant's solution is an elegant one. Rather than calculating the present value of the annuity and the perpetuity separately and comparing the two, he takes the incremental cash flow generated by the annuity over the 41 quarters and calculates the future value of that steam, under the assumption that each extra 1% payment per quarter is loaned at interest until the end of the period. He observes that, if the future value of this cumulated residual is less than the value of a perpetuity 41 quarters hence, then the 4% perpetuity is worth more than the annuity.
Earlier in his book he develops methods for calculating geometric progressions.
He uses these methods to calculate a sequence of 41 numbers representing the future value of the 41 incremental cash flows due from the annuity, and then sums them and scales the value to the initial investment, allowing a comparison in percentage terms to any given initial investment in the perpetuity. He finds that the annuity is only worth 99.2% of the perpetuity, and thus concludes that the first deal is a better one for the bankers than the second.
Trenchant's analysis is noteworthy in that it demonstrates how important present value analysis had become in Europe by the 16 th Century. Over the centuries following Leonardo, the present value method evolved from being the tool of an Italian commune seeking to reduce its pension expenses, to a critical factor in the financing of the defense of France. Unlike Leonardo who relied upon the analogy to trips, but who made a major contribution to the mathematics of infinite series', Trenchant's exposition of present value analysis was based directly upon solutions to geometric series. In fact, Trenchant is interesting is his own right. His development of present value analysis is more complete than that of Fibonacci -considering as it does the difference between an annuity and a perpetuity. Among other things, his book was the first to publish a table of discount factors for present value calculation.
East and West Revisited
Returning to the broader theme of the contrast between Europe and the Far East during the late Middle Ages and the Renaissance, it is curious that the interplay between mathematics and financial contracts witnessed in Europe from 1200 to 1700 was not matched in China, despite the advancement of both the Chinese financial system and Chinese mathematics -and indeed despite the cultural ties that linked China, India and the Middle East fostered by religious and commercial intercourse. Although the fragmentation of European monetary systems, the complexity of Mediterranean trade and the proscription again usury may also have been stimulating factors in the joint development of increasingly sophisticated financial tools and analytical methods, the largest institutional factor differentiating Europe and China in this period is public finance. James Tracy (1985) 
